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Definition of Lévy process

Z = (Z;)1=0 is a Lévy process on the probability space on (2, ¥, P)
if the following conditions are satisfied:
1. Z starts at zero, almost surely. That is, Zy = 0 a.s.
2. Z has independent increments. That is, for any n € N and
0<t <. <1t < oo, the random variables
Z, 2y, — 2Ly, ... 2y, — Zy, , are independent.
3. Z has stationary increments. That is, for all
0 <s<t<owo, Zt — Zsis equal in distribution to Z;_s.
4. Foranye>0andt € [0, «), A@)PUZH" -Zj|>¢)=0.

5. There exists Qo € Fwith P(Q) = 1 such that, for any
w € Qp, Zi(w) is a cadlag function on [0, T]. That is,
t — Zi(w) is right continuous on [0, c0) and has left limits in
(0, ).
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Symmetric a-stable processes

A characteristic function of Lévy process Z is given by Lévy triplet
(b,A v) where b € R, A > 0 and v is o finite measure with

fR\ 1 A Ix12)v(dx) <

. 1
E[elez,] =exp (t{lb@— EA02 +f ( i9x -1 —16x1 (Ix|<1} ) (dX)})
R\{0}

A Lévy process is called a symmetric a-stable for every « € (0, 2) if
b=A=0and
v(dx) =

| |1+a

Then the characteristic function is given by

E[e"4] = exp(-16I"t).

32



Introduction

Let T > 0 and X = (X;)o<t<T be a solution of one-dimensional
stochastic differential equation (SDE)

t
X; = X0+ f o(Xs_)dZs,
0

where t € [0, T], Z = (Z;)o<t<T is @ symmetric a-stable with
€ (1,2). A generetor of Z is defined by

Laf() = | ) = 100 =t ) s

We consider uniqueness of the SDE (1).
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Introduction

Preceding study 1

Komatsu (1982) proved the pathwise uniqueness of solutions of
the SDE (1) under the following conditions. There exists an
increasing function p(x) on [0, o) such that p(0) = 0, for any
X,y €R,

[ 0 tde =, o0 - o) <plx-y). (@
+0

Ex: p(x) = x = o : (1/a)-Hoélder continuous.

The uniqueness is failed if o is p-Hélder, p < 1/a.
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Introduction

We consider this SDE

t n
X" = xo + f on(XM)dzs,. (3)
0

Preceding study 2

Hashimoto (2013) proved that if o, o, are bounded
(y + 1/a@)-Hoélder with y € [0,1 — 1/a] and |lo- — opll < 1, then

o? Y

Cllo — ol & if ye(0,1-1/al,

1 -1
C (Iog ) if y=0.

llo = oplleo

E[X - XM <

Ex:y=0= o :1/a-Hblder,y =1 —-1/a = o : Lipschitz.
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Introduction

Preceding study 3

Hashimoto (2013) proved that if o, o, are bounded
(y + 1/a@)-Hoélder with y € [0,1 — 1/a] and |lo — opll — 0, then for
any1 <f<a

E

sup |X; — Xt(")lﬂl - 0.
te[0,T]
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Main result 1

Theorem (1)
Consider the following one-dimensional SDEs

t _ t
Xt = Xo + f 0 (Xs-)dZs, and X; = Xo + f 7 (Xs-)dZs.
0 0

For any B € (0,2(a — 1)), suppose that bounded Hélder continuous
functions o and & satisfy the following conditions:

lo(x) = (y)| < KIx=y[", 15:(x)-6(y)| < KIx=y[", n € (0,1], y € [ﬁ Z 2_ 1,1}

0<cy<o(x)<cp [16lle <00, A:=|lo - FlLoug) <1,

where 15, (dy) = (ly = %ol =% A 1)y, IfllLeege,) = (i IF(V)1uS, (dy))"
Then 3C = C(a,B,n, T, 1, C2, K,K) > 0,

sup E[|Xt - )~<t|ﬁ] <
te[0,T]
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Main result 1
Theorem (1)

For any B € (0,

lo(x) = (y)| < KIx=y[", 15:(x)-(y)| < KIx=y[", n € (0,1], y € [

2(a-1)),

2
Bt —1,1}
04

0<cy <o(x)<cp [|6lle <00, X:=|lo - FlLoug) < 1,

1
where S, (dy) = (Iy = ol A1)y, ey ) = (f, IF)I"S, ()"
Then, AC = C(a.B.n, T,c1,C2, K, K) > 0, By := 1 v 25"

sup E
0<t<T

“m_xﬂ_

o
BfIxo — %ol + CAZ+A= if B<g(y+1)-1,
a(y+1)[32
B|X0—X0|’B+C/l
if B>%(y+1)-1, ye(E2-11],

-1
B21xo — Ko’ + C(Iog Z) if y =22 1.



Upper bounds of the density

Lemma (1-1, Kulik (2014))
Suppose that (X;)o<t<T is the unique weak solution of this SDE

t
Xt = X0 + f o (Xs)dZs, (Zi)o<i<T:symetric a-stable.
0

o isy'-Hélder with y’ € (0, 1] and satisfies 0 < by < 0™*(x) < ba.
Then, X; has a probability density function p(xo, -) for each
t € (0, T]. Moreover,

pi(x0ry) < C'EF (15 v 1) (ly = 3ol A1),
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Proof of Main result 1
We apply a variation of the method introduced by Komatsu.
Lemma (1-2)
Fore > 0,6 > 1, we can choose a smooth function ys . which
satisfies the following conditions.

between 0 and 2(xlogé)™" (s67' < x < &),

lﬁ&,a(X) = {

0 (otherwise),

and [7 wse(y)dy = 1. We set u(x) = |xP, Use = U * 5.
Then, us. € C? and

|X|ﬁ < Bﬁéﬁ + BﬁUg’g(X), U(s,g(X) < BB|X|’E + Bﬁéﬁ,

I—a Ué,s(e) - C(t,ﬁ|9|a_ﬁ_1 %,s(@),

forany x € R, 6 # 0, where C, g is a constant depended on only «
and g.
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Proof of main result 1
By using the Lévy It6 decomposition

t _ t
Zt:ff zN(dz,ds)+ff zN(dz, ds),
0 Jiz|<1 0 Jiz|>1

where we define the Poisson random measure N as
N(F.t) = Y 16(AZs), Fe BR\{0}), [0, T].

0<s<t
and do the compensated Poisson random measure N as

N(F,t) == N(F,t) — tv(F).
Let f: R\ {0} x [0, T] x Q — R be a predictable process. If

E[fOT L;\{O}V(z, s)|k v(dz)ds

then, for each k = 1, 2, the following process is a Lk martingale.

( fo t fR o f(z,s)N(dz, ds))ogg.

<oo, kK=1or2,
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Proof of main result 1
We set Y; = X; — Xt_xo—xo+f0 o (Xs

(Xs))dZs.
Using the It6’s formula and N(dz, ds) = N(dz ds) + v(dz)ds,

Ué,s(Yt = Uﬁs YO f L\(o) U&s Ys— + ) 5'(5(“)) ) U&,s(ys—)} N(dZ, dS),
+ fo fR o Use( Yoo + (0(Xs) = (Xs))2) — U Yeo)

v , C,dz
Tz (2)((Xs) — (Xs)) zus,. (Vs )} Izl

Use(Yo) + MZ + 1%,

Bslxo — Xolf + Bge? + M + °.

IA

(Mf’g)ogg is a martingale. Using y = (o/(X;)
a change of variables

14+a
f "T Xs) Lot (Ys)ds.
xs)

—5(Xs))z on If’g, as

13/32



Proof of main result 1
By Lemma 1-2,
LaUse(0) = Cogl0l™ P 15.(6) < 2|Cog| 101+ 1l (9)
aYo,e aﬁ s (03 9 |Og 5 s
hence we have
t
£ a a—B-2 [5515]( )
f < 2Ca|c%44‘ﬁ;|a()%) - ( SIS A= -——16515——‘d3
Here, since & is y-Hblder, we obtain
lor(Xs) = (Xs)[* < 277 K| Y6 + 297 o (Xs) — 6(Xs)I°.
Therefore, we get
- X < Bge® + Byus(Yr)
= Bge® + Byuse(Yo) + BsM?* + Byl?*
< Bilxo — %o’ + Bs(Bs + 1)&° + BsM}*

B éa tearta—p-2 B C 2+,B @
4 Pplasle s ﬁ fIU F(X,)I"ds.
logé Iog6 s

where C(y,ﬁ = 200{1 |Ca,ﬁ| max{kav 1 }
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Proof of main result 1
By taking expectation, we obtain

E[1X; - XiP| < Bfixo — %ol + By(Bs + 1)&*

chaﬁtS(YY+” —p-2 Bﬁé(y,ﬁ By 2+4p-a t . "
= 20 [ Bl - atxrds.

&

Here, X; has a density function p;(xo, -), by using Lemma 1-1,

f B [lo(X) - 5(X)I"] ds = f [ lortn) =50l 0. s

< c’fo lea(y) =) 87 (7 v 1) (i =l A1) s,

= C'I(D)llor = Gl e,

where J(t) = f sTa(s'ti v 1)ds We set A = [lo = &llLe(zpe,) < 1. Then,

sup E[X; - %f| < BEixo - %ol + Ba(By + 1)e*
0<t<T

Bﬁ éa,,b’ T s +a—p-2 Bﬁ é(t,ﬁ C’ J( T) ( ) 1

24+B-a
log 6 + logd _)

€
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sup E| %, - '] < Blno-—sof'+C (8/* n

8(1)/—1—01—,8—2 1 ((5 )2+,B—a /la)
0<t<T

log d + log 6 e
We consider the following three cases.
Case[1](B<a(y+1)/2-1): Wesete =P (p > 0),6 =2. We
choose p later. Then, we have

sup E[IXi—Xif’] < BE|xo—%ol +C (1% + pP(evtef=2) o pEtha)te)
te[0,T]

By p8 < p(ay + a—-p—-2)and A < 1, we obtain

sup E[IX; - XiF] < Bflxo — %ol + C (z/uoﬁ + AP+
te[0,T]

We choose p as p8 = —p(2 + B — @) + a. Then since

P = arpar We 0t

v __aB__
sup E[IX; — Xit| < BIxo — %ol + CAZT o,
te[0,T]
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sup |[x; - %f’| < BElxo- x0|ﬂ+c(sﬂ+

ay—l—a—,B—Z 1 S 24-B-a
(2l
0<t<T

log d + log 6 e

Case[2](B> a(y+1)/2—1andy € ((B+2)/a —1,1]): We set
e = AP (p > 0),6 = 2. We choose p later. Then, we have

sup E[|Xt thﬁ] < B [Xo— X0|B+C (/lpﬁ + Ap(ay-i—(z—ﬁ 2) + A" p(2+B- ll)—i—a)
te[0,T]

By pB > p(ay + @ — B —2) and A < 1, we obtain

sup E[IX;— XtyB] < B [Xo— x0|ﬂ+c( o play+a=p-2) | /l—p(2+,8—a)+a).
te[0,T]

We choose pas p(ey +a—B8-2) = —p(2+ B —a) + a. Then
since p = 1/y, we get
% +ar —p-2
sup E[|Xt Xt|ﬁ] < B IXo - S%off +CA~ 7
te[0,T]
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" . ay+a—£-2 1 5 24-B-a
Sup E[|Xt - xt|ﬂ] < B2xo—S%oP+C (sﬁ +2 (—) /l")
o<t<T E

logd + log 6

Case[3](y = (B+2)/a —1): We set & = (log 1)79, § = A7P. Then,
we obtain

< 2l o 1\ 1 Q0-P(2+-a)
sup E[IX; — XiI’] < B|xo — %'+ C (Iog 5) + :
te[0,T)

+
plog p (Iog %)1—q(2+ﬁ—a)
We choose gas —gB8 = -1, thatis g = 1/8.

2+4p-a
- 1\ 11 1\ 7
sup E[IX—X/[P] < B3|xo—% |ﬂ+c(|o —) 14 — 4 —0 PR+ (Io —) |
te[o,e] [Xe=XiF] AT 9/1 p P g/l

Here, by

2+p-a

a 1 ﬁ
sup x2 (Iog —) < 00,
xe(0,1) X

choosing p = @/2(2 + B — @), we get

-1
- . 1
sup E[1X; - Xif’] < Bfixo - %of + C (Iog —) .
t€[0.T] 1

This concludes the statement. 18/32



Main result 2
Theorem (2)
Consider the following one-dimensional SDEs
t

t
X=X+ f o(Xs_)dZs, and X, = %o + f F(Xe_)dZs.
0 0

Suppose that o and & satisfy the same assumption as Th. (1). Then,

3C = C(a,Bn, T, C1, Co, K, K) > 0, By = 1 v 25~

P( sup X — X > h]
te[0,T]

2
ap
Lo~ 5o + CATIT i p< gy +1)-1,
B'g 5 C aly+1)-p-2 . o
< FIXo—XolﬂJrE/l v if B>5(y+1)-1,ye (==

B; C( 1\
Fﬂx0 — % + - (Iog 5) if y =52~

p+2

-1,1],
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Quasi-martingale

T € [0,00], At = (to, t1,...stht1) st O=fo <ty <---<thp1 =T

Definition
The mean variation of X is defined to be

n
Z |E[Xti - Xfi+1 |¢l‘:]|}

Vr(X) = supE
t lizo

A

Definition
An adapted, cadlag process X is a quasi-martingale on [0, T] if
E[|X{]] < co, foreach t € [0, T|, and V1 (X) < oo.

If X is defined on [0, ), then we set X, = 0.

20/32



Property of quasi-martingales

Vr(X) := supE
At

i=0

n
Z |E[Xfi - Xfi+1 |Tb]|}

Proposition (2-1)
Any martingale, submartingale, and supermartingale X is a
quasi-martingale. Furthermore, fort > 0

Vi(X) = [E[X; — Xo]|-

Proposition (2-2)
X, Y: quasi-martingale, a € R, T € [0, o]

Vr(a + X) = Vr(X),

VT(aX) = |a|VT(X),
Vr(X + Y) < Vr(X) + Vr(Y).
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Lemma and theorem for quasimartingale

Theorem (2-3, Rao’s theorem (1969))

X is quasimartingale on [0, o) < 3Y, Z:nonnegative right
continuous supermartingale s.t. X =Y - Z.

Lemma (2-4, Thomas (1991))

Suppose T € [0, ), Yt > 0, E[|X;l], Vi(X) < oo, stopping time T

At = (10,71,...,Tns1):Stopping times 0 < 19 < ... < 7pyy < T.
Then,

n
Vr(X) = supE | > [E[X:, - Xo,,, | 7]

T i=0

E[|X:a1l] < VT(X) + E[|X7]] for any stopping time T.

Lemma (2-5, Thomas (1991))
Suppose E[|X|] < o0, Vi(X) < o forVt € [0, T]. Then, Vc > 0,

cP( sup [Xi| > ¢) < Vr(X) + E[IX7]].
0<t<T
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Proof of Rao’s theorem

(only if) Let X(s) denote the set finite subdivision of [s, o]. We set
ASn = (to, t,..., tn+1) € Z(S), fo=s, tn+1 = 09,
Xt := max(X,0), X~ := —min(X,0).

n

oo =Bl (EIX, - X, ,I7])

i=0

¢] Zben = ]E[ (BIX, — X, 1F4])

i=0

Then,
YES _ Z8% — X,

Since E[Y25] < V.o(X) and ¥(s) is a directed set, we define
Vs = lim YS, Zs = lim 2%, Y=Y, Z =20
Proposition (2-6)
Veo(X) = E[Yo + Zo]
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Lemma and theorem for quasi-martingale
Theorem (2-3, Rao’s theorem (1969))

Lemma (2-4, Thomas (1991))
Suppose T € [0, ), Yt > 0, E[|X;l], Vi(X) < oo, stopping time T

At = (10,71,...,Tns1):Stopping times 0 < 19 < ... < 7pyy < T.
Then,

n
Vr(X) = supE | > [E[X:, - Xo,,, | 7]
T i=0

E[IXeatl] < Vr(X) + E[IX7].

Lemma (2-5, Thomas (1991))
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Proof of Lemma 2-4
We set

T _ X, - E[X7lF] if te[0,T),
t 0 it t>T.

By Rao’s theorem, 3UT, WT:nonnegative supermartingale s.t.

XT = UT = WT, Voo (XT) = Vr(X) = E[U] + W]].

n

| e, - X, |m¢]

i=0
<E[U] + W] -E[U]  + W] ]
<E[U] + W]] = Vr(X).

E[|Xentl] < E[[EIXT = XeaIFent]|| + E [EIXrIFAr]]
< Vr(X) + E[|X7l].O
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Lemma and theorem for quasimartingale
Theorem (2-3, Rao’s theorem (1969))

Lemma (2-4, Thomas (1991))

Lemma (2-5, Thomas (1991))
Suppose E[|X|] < o, Vi(X) < oo forVt € [0, T]. Then, V¢ > 0,

cP( sup |Xi| > ¢) < Vr(X) + E[IX7]].

o<t<T 26/32



Proof of Lemma 2-5

We set
T =inf{t € [0, T] : |X{l > h}.

By Lemma 2-4, we have
hP(sup |X;| > h),
t

< E“X‘r/\Tl],
< Vr(X) + E[IX7l].O
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Proof of main result 2
Use(Y) = (Uuse(Y1))o<t<T is quasi-martingale on [0, T]. In fact,

Vr(Uss(Y)) = Vr(use(Yo) + M>® + 1)
|E[ M68+ I(SE) (M(S«S + t’+1)|7_~tl]

m

Z ( tr', ti’ tisq }’
i=0

m

Siaie- 1 )|

At
fit1 |0- XS) 0.( s)|1+af

_Supz [ Xe) — (%)

< 26 ’Caﬁ|E[f jor(Xs) = &(Xs)I*T Vsl
0

. CopTerta b2 . CopC'JI(T) (g
B log & log 6

=SupE
At

<supE —1‘58

LQU(;,E(YS)dS j} s

1[86‘1,8](Ys)d ] ,

Yslog o

/l(l’

)2+ﬁ—a

€
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Proof of main result 2

By Lemma 1-2,
|Yt|’3 < BIBSB + B,BU(S,s(Yt),

We get by using Lemma 2-5

hP( sup |Yiff > h] < hP( sup (Bge® + use( Y1) > h|,
te[0,T] te[0,T]

< Vr(Bge? + use(Y)) + E[IBse® + Bgus(Y7)I],
< VT(U6’8(Y)) + E[Bﬁsg + Bﬁutg,g(YT)],
< Bﬁz|Xo —;(0|ﬂ + Bﬁ(Bﬁ + 1)8ﬂ

(1 + Blg)éa’ﬁ Texvta—-p-2

logé
(1+ By)CapC'JI(T) (§)2+ﬁ_“ @
log 6 £ ’

The remaining proof is the same as main result 1.0
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Future issues

» d-dimension

» Estimation for E

sup |Xt Xt| }
te[OT

» SDE X; = xo + |, b(Xs)ds + _)dZs
o o
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