
Lβ distance between two One-dimensional
Stochastic differential equations driven by a

symmetric α-stable process

Takuya NAKAGAWA

Retsumeikan University, Department of Mathematical Sciences,
Arturo Kohatsu-Higa Laboratory.

YSS 2018
Augast 23, 2018

1 / 32



Definition of Lévy process

Z = (Zt )t≥0 is a Lévy process on the probability space on (Ω,F ,P)
if the following conditions are satisfied:

1. Z starts at zero, almost surely. That is, Z0 = 0 a.s.

2. Z has independent increments. That is, for any n ∈ N and
0 ≤ t1 < · · · < tn < ∞, the random variables
Zt1 ,Zt2 − Zt1 , . . . ,Ztn − Ztn−1 are independent.

3. Z has stationary increments. That is, for all
0 ≤ s < t < ∞, Zt − Zs is equal in distribution to Zt−s .

4. For any ε > 0 and t ∈ [0,∞), lim
h→0
P (|Zt+h − Zt | > ε) = 0.

5. There exists Ω0 ∈ Fwith P(Ω0) = 1 such that, for any
ω ∈ Ω0, Zt (ω) is a càdlàg function on [0,T ]. That is,
t 7→ Zt (ω) is right continuous on [0,∞) and has left limits in
(0,∞).
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Symmetric α-stable processes

A characteristic function of Lévy process Z is given by Lévy triplet
(b ,A , ν), where b ∈ R, A ≥ 0 and ν is σ finite measure with∫
R\{0}(1 ∧ |x |

2)ν(dx) < ∞,

E[eiθZt ] = exp
(
t{ibθ −

1
2

Aθ2 +

∫
R\{0}

(
eiθx − 1 − iθx1{|x |<1}

)
ν(dx)}

)
.

A Lévy process is called a symmetric α-stable for every α ∈ (0, 2) if
b = A = 0 and

ν(dx) =
cα
|x |1+α

dx.

Then the characteristic function is given by

E[eiθZt ] = exp(−|θ|αt).
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Introduction

Let T > 0 and X = (Xt )0≤t≤T be a solution of one-dimensional
stochastic differential equation (SDE)

Xt = x0 +

∫ t

0
σ(Xs−)dZs , (1)

where t ∈ [0,T ], Z = (Zt )0≤t≤T is a symmetric α-stable with
α ∈ (1, 2). A generetor of Z is defined by

Lαf(x) B

∫
R\{0}

{
f(x + y) − f(x) − 1{|y |≤1}yf ′(x)

} dy
|y |1+α

.

We consider uniqueness of the SDE (1).
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Introduction

Preceding study 1
Komatsu (1982) proved the pathwise uniqueness of solutions of
the SDE (1) under the following conditions. There exists an
increasing function ρ(x) on [0,∞) such that ρ(0) = 0, for any
x, y ∈ R, ∫

+0
ρ(x)−1dx = ∞, |σ(x) − σ(y)|α ≤ ρ(|x − y |). (2)

Ex: ρ(x) = x ⇒ σ : (1/α)-Hölder continuous.

The uniqueness is failed if σ is p-Hölder, p < 1/α.
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Introduction

We consider this SDE

X (n)
t = x0 +

∫ t

0
σn(X (n)

s− )dZs , . (3)

Preceding study 2
Hashimoto (2013) proved that if σ,σn are bounded
(γ + 1/α)-Hölder with γ ∈ [0, 1 − 1/α] and ‖σ − σn‖∞ ≤ 1, then

E[|Xt − X (n)
t |

α−1] ≤


C‖σ − σn‖

α2γ
αγ+1
∞ if γ ∈ (0, 1 − 1/α],

C
(
log

1
‖σ − σn‖∞

)−1

if γ = 0.

Ex: γ = 0⇒ σ : 1/α-Hölder, γ = 1 − 1/α⇒ σ : Lipschitz.
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Introduction

Preceding study 3
Hashimoto (2013) proved that if σ,σn are bounded
(γ + 1/α)-Hölder with γ ∈ [0, 1 − 1/α] and ‖σ − σn‖∞ → 0, then for
any 1 < β < α

E

 sup
t∈[0,T ]

|Xt − X (n)
t |

β

→ 0.
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Main result 1
Theorem (1)
Consider the following one-dimensional SDEs

Xt = x0 +

∫ t

0
σ(Xs−)dZs , and X̃t = x̃0 +

∫ t

0
σ̃(X̃s−)dZs .

For any β ∈ (0, 2(α − 1)), suppose that bounded Hölder continuous
functions σ and σ̃ satisfy the following conditions:

|σ(x)−σ(y)| ≤ K |x−y |η, |σ̃(x)−σ̃(y)| ≤ K̃ |x−y |γ, η ∈ (0, 1], γ ∈

[
β + 2
α
− 1, 1

]
0 < c1 < σ(x) < c2, ‖σ̃‖∞ < ∞, λ := ‖σ − σ̃‖Lα(R,µαx0

) ≤ 1,

where µαx0
(dy) B (|y − x0|

−1−α ∧ 1)dy, ‖f‖Lα(R,µαx0
) B

(∫
R
|f(y)|αµαx0

(dy)
) 1
α .

Then ∃C = C(α, β, η,T , c1, c2,K , K̃) > 0,

sup
t∈[0,T ]

E
[
|Xt − X̃t |

β
]
≤ · · ·
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Main result 1
Theorem (1)
For any β ∈ (0, 2(α − 1)),

|σ(x)−σ(y)| ≤ K |x−y |η, |σ̃(x)−σ̃(y)| ≤ K̃ |x−y |γ, η ∈ (0, 1], γ ∈

[
β + 2
α
− 1, 1

]
0 < c1 < σ(x) < c2, ‖σ̃‖∞ < ∞, λ := ‖σ − σ̃‖Lα(R,µαx0

) ≤ 1,

where µαx0
(dy) B (|y − x0|

−1−α ∧ 1)dy, ‖f‖Lα(R,µαx0
) B

(∫
R
|f(y)|αµαx0

(dy)
) 1
α .

Then, ∃C = C(α, β, η,T , c1, c2,K , K̃) > 0, Bβ B 1 ∨ 2β−1

sup
0≤t≤T

E
[∣∣∣Xt − X̃t

∣∣∣β] ≤


B2
β |x0 − x̃0|

β + Cλ
αβ

2(1+β)−α if β ≤ α
2 (γ + 1) − 1,

B2
β |x0 − x̃0|

β + Cλ
α(γ+1)−β−2

γ

if β > α
2 (γ + 1) − 1, γ ∈ (β+2

α − 1, 1],

B2
β |x0 − x̃0|

β + C
(
log

1
λ

)−1

if γ = β+2
α − 1.
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Upper bounds of the density

Lemma (1-1, Kulik (2014))
Suppose that (Xt )0≤t≤T is the unique weak solution of this SDE

Xt = x0 +

∫ t

0
σ(Xs)dZs , (Zt )0≤t≤T :symetric α-stable.

σα is γ′-Hölder with γ′ ∈ (0, 1] and satisfies 0 < b1 < σ
α(x) < b2.

Then, Xt has a probability density function pt (x0, ·) for each
t ∈ (0,T ]. Moreover,

pt (x0, y) ≤ C ′t−
1
α

(
t1+ 1

α ∨ 1
) (
|y − x0|

−1−α ∧ 1
)
,
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Proof of Main result 1
We apply a variation of the method introduced by Komatsu.

Lemma (1-2)
For ε > 0, δ > 1, we can choose a smooth function ψδ,ε which
satisfies the following conditions.

ψδ,ε(x) =

between 0 and 2(x log δ)−1 (εδ−1 < x < ε),

0 (otherwise),

and
∫ ε

εδ−1 ψδ,ε(y)dy = 1. We set u(x) = |x |β, uδ,ε = u ∗ ψδ,ε.
Then, uδ,ε ∈ C2 and

|x |β ≤ Bβε
β + Bβuδ,ε(x), uδ,ε(x) ≤ Bβ|x |β + Bβε

β,

Lαuδ,ε(θ) = Cα,β|θ|
α−β−1ψδ,ε(θ),

for any x ∈ R, θ , 0, where Cα,β is a constant depended on only α
and β.
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Proof of main result 1
By using the Lévy Itô decomposition

Zt =

∫ t

0

∫
|z|<1

zÑ(dz, ds) +

∫ t

0

∫
|z|≥1

zN(dz, ds),

where we define the Poisson random measure N as

N(F , t) B
∑

0≤s≤t

1F (∆Zs), F ∈ B(R \ {0}), t ∈ [0,T ].

and do the compensated Poisson random measure Ñ as

Ñ(F , t) B N(F , t) − tν(F).

Let f : R \ {0} × [0,T ] × Ω→ R be a predictable process. If

E

[∫ T

0

∫
R\{0}

∣∣∣f(z, s)
∣∣∣k ν(dz)ds

]
< ∞, k = 1 or 2,

then, for each k = 1, 2, the following process is a Lk martingale.(∫ t

0

∫
R\{0}

f(z, s)Ñ(dz, ds)

)
0≤t≤T

.
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Proof of main result 1
We set Yt = Xt − X̃t = x0 − x̃0 +

∫ t
0 (σ(Xs) − σ̃(X̃s))dZs .

Using the Itô’s formula and N(dz, ds) = Ñ(dz, ds) + ν(dz)ds,

uδ,ε(Yt) = uδ,ε(Y0) +

∫ t

0

∫
R\{0}

{
uδ,ε(Ys− + (σ(Xs) − σ̃(X̃s))z) − uδ,ε(Ys−)

}
Ñ(dz, ds),

+

∫ t

0

∫
R\{0}

{
uδ,ε(Ys− + (σ(Xs) − σ̃(X̃s))z) − uδ,ε(Ys−)

−1{|z|≤1}(z)(σ(Xs) − σ̃(X̃s))zu′δ,ε(Ys−)
} cαdz
|z|1+α

ds

C uδ,ε(Y0) + Mδ,ε
t + Iδ,εt ,

≤ Bβ|x0 − x̃0|
β + Bβε

β + Mδ,ε
t + Iδ,εt .

(Mδ,ε
t )0≤t≤T is a martingale. Using y = (σ(Xs)− σ̃(X̃s))z on Iδ,εt , as

a change of variables

Iδ,εt = cα

∫ t

0

|σ(Xs) − σ̃(X̃s)|1+α

σ(Xs) − σ̃(X̃s)
Lαuδ,ε(Ys)ds.
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Proof of main result 1
By Lemma 1-2,

Lαuδ,ε(θ) = Cα,β|θ|
α−β−1ψδ,ε(θ) ≤ 2

∣∣∣Cα,β

∣∣∣ |θ|α−β−1
1[εδ−1,ε](θ)

θ log δ
,

hence we have

Iδ,εt ≤ 2cα
∣∣∣Cα,β

∣∣∣ ∫ t

0
|σ(Xs) − σ̃(X̃s)|α|Ys |

α−β−2
1[εδ−1,ε](Ys)

log δ
ds.

Here, since σ̃ is γ-Hölder, we obtain

|σ(Xs) − σ̃(X̃s)|α ≤ 2α−1K̃α|Ys |
αγ + 2α−1|σ(Xs) − σ̃(Xs)|α.

Therefore, we get
|Xt − X̃t |

β ≤ Bβε
β + Bβuδ,ε(Yt)

= Bβε
β + Bβuδ,ε(Y0) + BβM

δ,ε
t + BβI

δ,ε
t

≤ B2
β |x0 − x̃0|

β + Bβ(Bβ + 1)εβ + BβM
δ,ε
t

+
BβĈα,βtεαγ+α−β−2

log δ
+

BβĈα,β

log δ

(
δ

ε

)2+β−α ∫ t

0
|σ(Xs) − σ̃(Xs)|

αds.

where Ĉα,β B 2αcα
∣∣∣Cα,β

∣∣∣ max{K̃α, 1}.
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Proof of main result 1
By taking expectation, we obtain

E
[
|Xt − X̃t |

β
]
≤ B2

β |x0 − x̃0|
β + Bβ(Bβ + 1)εβ

+
BβĈα,βtεαγ+α−β−2

log δ
+

BβĈα,β

log δ

(
δ

ε

)2+β−α ∫ t

0
E [|σ(Xs) − σ̃(Xs)|

α] ds.

Here, Xt has a density function pt (x0, ·), by using Lemma 1-1,∫ t

0
E [|σ(Xs) − σ̃(Xs)|

α] ds =

∫ t

0

∫
R

∣∣∣σ(y) − σ̃(y)∣∣∣α ps(x0, y)dyds,

≤ C ′
∫ t

0

∫
R

∣∣∣σ(y) − σ̃(y)∣∣∣α s−
1
α

(
s1+ 1

α ∨ 1
) (
|y − x0|

−1−α ∧ 1
)
dyds,

= C ′J(t)‖σ − σ̃‖αLα(R,µαx0
),

where J(t) =
∫ t

0 s−
1
α (s1+ 1

α ∨ 1)ds. We set λ = ‖σ− σ̃‖Lα(R,µαx0
) ≤ 1. Then,

sup
0≤t≤T

E
[∣∣∣Xt − X̃t

∣∣∣β] ≤ B2
β |x0 − x̃0|

β + Bβ(Bβ + 1)εβ

+
BβĈα,βTεαγ+α−β−2

log δ
+

BβĈα,βC ′J(T)

log δ

(
δ

ε

)2+β−α

λα.
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sup
0≤t≤T

E
[∣∣∣Xt − X̃t

∣∣∣β] ≤ B2
β |x0−x̃0|

β+C
(
εβ +

εαγ+α−β−2

log δ
+

1
log δ

(
δ

ε

)2+β−α

λα
)
.

We consider the following three cases.
Case[1](β ≤ α(γ + 1)/2 − 1): We set ε = λp (p > 0), δ = 2. We
choose p later. Then, we have

sup
t∈[0,T ]

E[|Xt−X̃t |
β] ≤ B2

β |x0−x̃0|
β+C

(
λpβ + λp(αγ+α−β−2) + λ−p(2+β−α)+α

)
.

By pβ ≤ p(αγ + α − β − 2) and λ ≤ 1, we obtain

sup
t∈[0,T ]

E[|Xt − X̃t |
β] ≤ B2

β |x0 − x̃0|
β + C

(
2λpβ + λ−p(2+β−α)+α

)
.

We choose p as pβ = −p(2 + β − α) + α. Then since
p = α

2(1+β)−α
, we get

sup
t∈[0,T ]

E
[
|Xt − X̃t |

β
]
≤ B2

β |x0 − x̃0|
β + Cλ

αβ
2(1+β)−α .
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sup
0≤t≤T

E
[∣∣∣Xt − X̃t

∣∣∣β] ≤ B2
β |x0−x̃0|

β+C
(
εβ +

εαγ+α−β−2

log δ
+

1
log δ

(
δ

ε

)2+β−α

λα
)
.

Case[2](β > α(γ + 1)/2 − 1 and γ ∈ ((β + 2)/α − 1, 1]): We set
ε = λp (p > 0), δ = 2. We choose p later. Then, we have

sup
t∈[0,T ]

E[|Xt−X̃t |
β] ≤ B2

β |x0−x̃0|
β+C

(
λpβ + λp(αγ+α−β−2) + λ−p(2+β−α)+α

)
.

By pβ > p(αγ + α − β − 2) and λ ≤ 1, we obtain

sup
t∈[0,T ]

E[|Xt −X̃t |
β] ≤ B2

β |x0− x̃0|
β+C

(
2λp(αγ+α−β−2) + λ−p(2+β−α)+α

)
.

We choose p as p(αγ + α − β − 2) = −p(2 + β − α) + α. Then
since p = 1/γ, we get

sup
t∈[0,T ]

E
[
|Xt − X̃t |

β
]
≤ B2

β |x0 − x̃0|
β + Cλ

αγ+α−β−2
γ .
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sup
0≤t≤T

E
[∣∣∣Xt − X̃t

∣∣∣β] ≤ B2
β |x0−x̃0|

β+C
(
εβ +

εαγ+α−β−2

log δ
+

1
log δ

(
δ

ε

)2+β−α

λα
)
.

Case[3](γ = (β + 2)/α − 1): We set ε = (log 1
λ)−q, δ = λ−p . Then,

we obtain

sup
t∈[0,T ]

E[|Xt − X̃t |
β] ≤ B2

β |x0 − x̃0|
β + C


(
log

1
λ

)−qβ

+
1

p log 1
λ

+
λα−p(2+β−α)

p
(
log 1

λ

)1−q(2+β−α)

 .
We choose q as −qβ = −1, that is q = 1/β.

sup
t∈[0,T ]

E[|Xt−X̃t |
β] ≤ B2

β |x0−x̃0|
β+C

(
log

1
λ

)−1
1 +

1
p

+
1
p
λα−p(2+β−α)

(
log

1
λ

) 2+β−α
β

 .
Here, by

sup
x∈(0,1)

x
α
2

(
log

1
x

) 2+β−α
β

< ∞,

choosing p = α/2(2 + β − α), we get

sup
t∈[0,T ]

E
[
|Xt − X̃t |

β
]
≤ B2

β |x0 − x̃0|
β + C

(
log

1
λ

)−1

.
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Main result 2
Theorem (2)
Consider the following one-dimensional SDEs

Xt = x0 +

∫ t

0
σ(Xs−)dZs , and X̃t = x̃0 +

∫ t

0
σ̃(X̃s−)dZs .

Suppose that σ and σ̃ satisfy the same assumption as Th. (1). Then,

∃C = C(α, β, η,T , c1, c2,K , K̃) > 0, Bβ B 1 ∨ 2β−1

P

 sup
t∈[0,T ]

|Xt − X̃t |
β > h



≤



B2
β

h
|x0 − x̃0|

β +
C
h
λ

αβ
2(1+β)−α if β ≤ α

2 (γ + 1) − 1,

B2
β

h
|x0 − x̃0|

β +
C
h
λ
α(γ+1)−β−2

γ if β > α
2 (γ + 1) − 1, γ ∈ (β+2

α − 1, 1],

B2
β

h
|x0 − x̃0|

β +
C
h

(
log

1
λ

)−1

if γ = β+2
α − 1.
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Quasi-martingale

T ∈ [0,∞], ∆t = (t0, t1, . . . , tn+1) s.t. 0 = t0 < t1 < · · · < tn+1 = T

Definition
The mean variation of X is defined to be

VT (X) B sup
∆t
E

 n∑
i=0

∣∣∣E[Xti − Xti+1 |Fti ]
∣∣∣

Definition
An adapted, càdlàg process X is a quasi-martingale on [0,T ] if
E[|Xt |] < ∞, for each t ∈ [0,T ], and VT (X) < ∞.

If X is defined on [0,∞), then we set X∞ = 0.
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Property of quasi-martingales

VT (X) B sup
∆t
E

 n∑
i=0

∣∣∣E[Xti − Xti+1 |Fti ]
∣∣∣

Proposition (2-1)
Any martingale, submartingale, and supermartingale X is a
quasi-martingale. Furthermore, for t ≥ 0

Vt (X) =
∣∣∣E[Xt − X0]

∣∣∣ .
Proposition (2-2)
X ,Y: quasi-martingale, a ∈ R, T ∈ [0,∞]

VT (a + X) = VT (X),

VT (aX) = |a |VT (X),

VT (X + Y) ≤ VT (X) + VT (Y).
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Lemma and theorem for quasimartingale
Theorem (2-3, Rao’s theorem (1969))
X is quasimartingale on [0,∞)⇔ ∃Y ,Z:nonnegative right
continuous supermartingale s.t. X = Y − Z.

Lemma (2-4, Thomas (1991))
Suppose T ∈ [0,∞),∀t ≥ 0, E[|Xt |],Vt (X) < ∞, stopping time τ
∆τ = (τ0, τ1, . . . , τn+1):stopping times 0 ≤ τ0 ≤ . . . ≤ τn+1 ≤ T.
Then,

VT (X) = sup
∆τ
E

 n∑
i=0

∣∣∣E[Xτi − Xτi+1

∣∣∣ Fτi ]
∣∣∣ ,

E[|Xτ∧T |] ≤ VT (X) + E[|XT |] for any stopping time τ.

Lemma (2-5, Thomas (1991))
Suppose E[|Xt |] < ∞, Vt (X) < ∞ for ∀t ∈ [0,T ]. Then, ∀c > 0,

cP( sup
0≤t≤T

|Xt | > c) ≤ VT (X) + E[|XT |].
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Proof of Rao’s theorem
(only if) Let Σ(s) denote the set finite subdivision of [s,∞]. We set
∆sn B (t0, t1, . . . , tn+1) ∈ Σ(s), t0 = s, tn+1 = ∞,
X+ B max(X , 0), X− B −min(X , 0).

Y∆sn
s B E

 n∑
i=0

(
E[Xti − Xti+1 |Fti ]

)+
∣∣∣∣∣∣Fs

 , Z∆sn
s B E

 n∑
i=0

(
E[Xti − Xti+1 |Fti ]

)− ∣∣∣∣∣∣Fs

 .
Then,

Y∆sn
s − Z∆sn

s = Xs .

Since E[Y∆sn
s ] ≤ V∞(X) and Σ(s) is a directed set, we define

Ŷs B lim
∆sn

Yσ
s , Ẑs B lim

∆sn
Zσ

s , Yt B Ŷt+, Zt B Ẑt+.�

Proposition (2-6)

V∞(X) = E[Y0 + Z0]
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Lemma and theorem for quasi-martingale
Theorem (2-3, Rao’s theorem (1969))
X is quasi-martingale on [0,∞)⇔ ∃Y ,Z:nonnegative right
continuous supermartingale s.t. X = Y − Z.

Lemma (2-4, Thomas (1991))
Suppose T ∈ [0,∞),∀t ≥ 0, E[|Xt |],Vt (X) < ∞, stopping time τ
∆τ = (τ0, τ1, . . . , τn+1):stopping times 0 ≤ τ0 ≤ . . . ≤ τn+1 ≤ T.
Then,

VT (X) = sup
∆τ
E

 n∑
i=0

∣∣∣E[Xτi − Xτi+1

∣∣∣ Fτi ]
∣∣∣ ,

E[|Xτ∧T |] ≤ VT (X) + E[|XT |].

Lemma (2-5, Thomas (1991))
Suppose E[|Xt |] < ∞, Vt (X) < ∞ for ∀t ∈ [0,T ]. Then, ∀c > 0,

cP( sup
0≤t≤T

|Xt | > c) ≤ VT (X) + E[|XT |].
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Proof of Lemma 2-4
We set

XT
t =

Xt − E[XT |Ft ] if t ∈ [0,T),

0 if t ≥ T .

By Rao’s theorem, ∃UT , WT :nonnegative supermartingale s.t.
XT = UT −WT , V∞(XT ) = VT (X) = E[UT

0 + WT
0 ].

E

 n∑
i=0

∣∣∣E[Xτi − Xτi+1

∣∣∣ Fτi ]
∣∣∣ ,

≤ E[UT
τ0

+ WT
τ0

] − E[UT
τn+1

+ WT
τn+1

],

≤ E[UT
0 + WT

0 ] = VT (X).

E[|Xτ∧T |] ≤ E
[∣∣∣E[XT − Xτ∧T |Fτ∧T ]

∣∣∣] + E [E[|XT ||Fτ∧T ]] ,

≤ VT (X) + E[|XT |].�
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Lemma and theorem for quasimartingale
Theorem (2-3, Rao’s theorem (1969))
X is quasimartingale on [0,∞)⇔ ∃Y ,Z:nonnegative right
continuous supermartingale s.t. X = Y − Z.

Lemma (2-4, Thomas (1991))
Suppose T ∈ [0,∞),∀t ≥ 0, E[|Xt |],Vt (X) < ∞, stopping time τ
∆τ = (τ0, τ1, . . . , τn+1):stopping times 0 ≤ τ0 ≤ . . . ≤ τn+1 ≤ T.
Then,

VT (X) = sup
∆τ
E

 n∑
i=0

∣∣∣E[Xτi − Xτi+1

∣∣∣ Fτi ]
∣∣∣ ,

E[|Xτ∧T |] ≤ VT (X) + E[|XT |].

Lemma (2-5, Thomas (1991))
Suppose E[|Xt |] < ∞, Vt (X) < ∞ for ∀t ∈ [0,T ]. Then, ∀c > 0,

cP( sup
0≤t≤T

|Xt | > c) ≤ VT (X) + E[|XT |].
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Proof of Lemma 2-5

We set
τ = inf

{
t ∈ [0,T ] : |Xt | > h

}
.

By Lemma 2-4, we have

hP(sup
t
|Xt | > h),

≤ E[|Xτ∧T |],

≤ VT (X) + E[|XT |].�
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Proof of main result 2
uδ,ε(Y) = (uδ,ε(Yt ))0≤t≤T is quasi-martingale on [0,T ]. In fact,

VT (uδ,ε(Y)) = VT (uδ,ε(Y0) + Mδ,ε + Iδ,ε)

= sup
∆t
E

 m∑
i=0

∣∣∣∣E[(Mδ,ε
ti

+ Iδ,εti
) − (Mδ,ε

ti+1
+ Iδ,εti+1

)|Fti ]
∣∣∣∣ ,

≤ sup
∆t
E

 m∑
i=0

E
[∣∣∣∣Iδ,εti

− Iδ,εti+1

∣∣∣∣ ∣∣∣∣Fti

] ,
= sup

∆t

m∑
i=0

E


∣∣∣∣∣∣∣
∫ ti+1

ti

|σ(Xs) − σ̃(X̃s)|1+α

σ(Xs) − σ̃(X̃s)
Lαuδ,ε(Ys)ds

∣∣∣∣∣∣∣
 ,

≤ 2cα
∣∣∣Cα,β

∣∣∣E ∫ T

0
|σ(Xs) − σ̃(X̃s)|α|Ys |

α−β−1
1[εδ−1,ε](Ys)

Ys log δ
ds

 ,
≤

Ĉα,βTεαγ+α−β−2

log δ
+

Ĉα,βC ′J(T)

log δ

(
δ

ε

)2+β−α

λα,

< ∞.
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Proof of main result 2
By Lemma 1-2,

|Yt |
β ≤ Bβε

β + Bβuδ,ε(Yt ),

We get by using Lemma 2-5

hP

 sup
t∈[0,T ]

|Yt |
β > h

 ≤ hP

 sup
t∈[0,T ]

(Bβε
β + uδ,ε(Yt )) > h

 ,
≤ VT (Bβε

β + uδ,ε(Y)) + E[|Bβε
β + Bβuδ,ε(YT )|],

≤ VT (uδ,ε(Y)) + E[Bβε
β + Bβuδ,ε(YT )],

≤ B2
β |x0 − x̃0|

β + Bβ

(
Bβ + 1

)
εβ

+
(1 + Bβ)Ĉα,βTεαγ+α−β−2

log δ

+
(1 + Bβ)Ĉα,βC ′J(T)

log δ

(
δ

ε

)2+β−α

λα.

The remaining proof is the same as main result 1.�
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Future issues

I d-dimension

I Estimation for E

 sup
t∈[0,T ]

∣∣∣∣Xt − X̃t

∣∣∣∣β
I SDE Xt = x0 +

∫ t
0 b(Xs)ds +

∫ t
0 σ(Xs−)dZs
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Thank you for your attention
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